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1. Introduction

A feature of many ill-posed inverse problems is that the Hessian operator of the data
misfit functional is a compact operator with rapidly decaying eigenvalues. This is a
manifestation of the typically sparse observations, which are informative about a limited
number of modes of the infinite dimensional field we seek to infer. The Hessian operator
(and its finite dimensional discretization) play an important role in the analysis and
solution of the inverse problem. In particular, the spectrum of the Hessian at the
solution of the inverse problem determines the degree of ill-posedness and provides
intuition on the construction of appropriate regularization strategies. This has been
observed, analyzed, and exploited in several applications including shape optimization
[1, 2] and inverse wave propagation [3, 4, 5], to name a few.

Moreover, solution of the inverse problem by the gold standard iterative method—
Newton’s method—requires “inversion” of the Hessian at each iteration. Compactness
of the Hessian of the data misfit functional accompanied by sufficiently fast eigenvalue
decay permits a low rank approximation, which in turn facilitates rapid inversion or
preconditioning of the regularized Hessian [3, 6]. Alternatively, solution of the linear
system arising at each Newton iteration by a conjugate gradient method can be very fast
if the data misfit Hessian is compact with rapidly decaying eigenvalues and the conjugate
gradient iteration is preconditioned by the regularization operator [7]. Finally, under a
Gaussian approximation to the Bayesian solution of the inverse problem, the covariance
of the posterior probability distribution is given by the inverse of the Hessian of the
negative log likelihood function. For Gaussian data noise and model error, this Hessian
is given by an appropriately weighted Hessian of the data misfit operator, e.g., [8]. Here
again, exploiting the low-rank character of the data misfit component of the Hessian is
critical for rapidly approximating its inverse, and hence the uncertainty in the inverse
solution [4, 5, 9, 10].

In all of the cases described above, compactness of the data misfit Hessian is a
critical feature that enables fast solution of the inverse problem, scalability of solvers to
high dimensions, and estimation of uncertainty in the solution. With this motivation,
here we analyze the shape Hessian operator for inverse acoustic shape scattering
problems, and study its compactness. Our analysis is based on an integral equation
formulation of the Helmholtz equation, adjoint methods, and compact embeddings
in Holder and Sobolev spaces. These tools allow us to state the shape derivatives
in a Banach space setting, and then to analyze the shape Hessian in detail. In
particular, the Gauss-Newton component of the full Hessian is shown to be a compact
operator, and the decay rate of its eigenvalues is quantified as a function of the shape
smoothness. Furthermore, under certain conditions, the eigenvalues can be shown to
decay exponentially.

The remainder of the paper is organized as follows. Section 2 briefly derives and
formulates two dimensional forward and inverse shape acoustic scattering problems,
followed by Section 3 on a general framework for shape derivatives in a Banach space
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setting. Using the results in Section 3 and a Lagrangian approach, we then derive shape
derivatives for the inverse shape scattering problem in Section 4. Section 5 justifies
the shape derivations by studying the well-posedness of the (incremental) forward and
(incremental) adjoint equations, and the regularity of their solutions. Next, we analyze
the shape Hessian in Holder spaces in Section 6, and then extend the analysis to Sobolev
spaces in Section 7. Section 8 expresses the decay rate of the eigenvalues of the Gauss-
Newton component in terms of the shape smoothness. In order to validate our theoretical
developments, we give analytical as well as numerical examples in Sections 9 and 10.
Finally, the conclusions of the paper are presented in Section 11, and straightforward
extensions of two dimensional results to three dimensions are discussed in the Appendix.

2. Forward and inverse shape scattering formulations

2.1. Forward shape scattering formulation

For simplicity of exposition, we shall exclusively work with the two dimensional setting;
extensions to three dimensions will be presented in the Appendix. We further assume
that the scatterer Qg (for convenience, one scatterer is considered, but all the results
in this paper hold true for multiple scatterers) under consideration is sound-soft. If the

incident wave is a plane wave, we can eliminate the time harmonic factor e=™*, where
i> = —1, and the acoustic scattering problem can be cast into the following exterior
Helmholtz equation [11]:

VU + KU =0 in €, (1a)
U=-U' on Iy, (1b)

ou
lim /7 (— — ikU) =0, (1c)

r—o00 or

where k is the wave number, U the scattered field, U’ the incident field which is assumed
to be an entire solution of the Helmholtz equation (1a), Q the exterior domain given
by Q = R?\ Qg, and (1c) the radiation condition (1c) which is assumed to be valid
uniformly in all directions HXTH

We have derived the governing equations (1) for two dimensional acoustic scattering
under time harmonic incident wave assumption. It turns out that two dimensional
electromagnetic scattering on perfect electric conducting obstacles is governed by the
same set of equations. Consequently, all the results in this paper are valid for both
acoustic and electromagnetic scattering problems in two dimensions.

2.2. Inverse shape scattering formulation

For the inverse problem, the task is to reconstruct the scatterer’s shape given scattered
field data observed at some parts of the domain. For simplicity in the following analysis,
the observed scattering data is assumed to be noise-free.
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The inverse task can be formulated as the following PDE-constrained shape
optimization problem:

minJ = | K(x)|U - U"|"d9, (2)
Qg Q
subject to
VU + kU =0 in €, (3a)
U=-U! on Iy, (3b)
U
lim /7 (W - z’k:U) =0, (3¢)

where quantities with superscript “obs” are the observed data. K(x) denotes the
observation operator with compact support and supp K C ). We identify

K@:/Kgde:/lsupngon,
Q Q

where 1g,ppx is the characteristic function of the set supp K. In particular, if the

measurements are pointwise at x;?bs, j=1,..., N we have

Nobs

Ko = / KpdQ) = Z % (X;-)bs) :
For simplicity in writing, we define I', = supp K.

3. Shape derivatives in a Banach space setting

If we restrict our attention to a special shape space which is Banach, shape calculus
becomes usual differential calculus on Banach spaces and many interesting conclusions
can be drawn. As we shall see in the sequel, only Fubini’s theorem and Leibniz’ rule are
necessary to derive the first and second order shape derivatives in this setting.

Following [12, 13|, we represent the shape by its boundary. In particular we assume
that the scatterer Qg G R? is a simply connected domain and starlike with respect to
the origin. Thus, its boundary 0€2g can be parametrized as

MNg =Ty ={r=r(0e,:0c]0,271]}, e, =]cosh,sind]”. (4)

We assume that I'; belongs to Holder continuous class C™ for 0 < aw < 1. That is, the
radius 7 lives in the Hélder continuous space C™%([0, 27|) with periodic condition

rD0) =rD©2m), j=0,...,m, (5)

where the superscript (j) denotes the jth derivative with respect to 6. To the end of
the paper, unless otherwise stated, functions defined on [0, 27] are periodic in the sense
of (5).
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We are now in the position to derive the shape derivatives. For the purpose of this
paper, it suffices to consider the first order shape derivative of the following functional

7- /Q F(x) d. (6)

The following Lemma provides the shape derivatives of Z that will be used later in the
derivation of the shape Hessian for our inverse shape scattering problems (an analogous
result for interior problems can be found in [13]).

Lemma. 1 Assume that f € C' (R?) then T is twice continuously Fréchet differentiable
for all r € C' ([0, 27)), and its shape derivatives are given as

2 rr
DI(r;r)=— rrdf = — ———ds,
i) == [ 1 ==

T OOfF f of f riT
2 A N J oy — _ A I
D°Z(r;7,7) = /0 <8er + r) rir do /1“5 <8er + r> R ds, (7b)

for all 7,7 € C* ([0, 27]).

Proof.

We use the Leibniz rule to compute the first Gateaux variation to obtain the shape
derivative formulas (7a) and (7b). Then it is obvious that both DZ(r;7) and D?Z(r;#,7)
are linear and continuous with respect to 7 (and 7). Now the continuity of DZ(r;#) and
D*Z(r; 7, 7) with respect to r is straightforward owing to f € C' (R?). Hence, a classical

result on sufficiency for Fréchet derivative [14] ends the proof. O

4. Shape derivative derivations for inverse wave scattering problems

In this section we derive the shape gradient and shape Hessian using a reduced space
approach, and the justifications for our derivations are provided in the next section. We
begin with a useful observation on the radiation condition. Since the radiation condition
(1c) is valid uniformly in all directions T We rewrite the radiation condition as

ou | -
I —ikU = ¢(r)=o(r 1/2),

where 7 is the radius of a sufficiently large circle I'y.

It can be seen that the cost functional (2) is real-valued while the constraints (3a)—
(3c) are complex-valued. Consequently, the usual Lagrangian approach will not make
sense and care must be taken. Following Kreutz-Delgado [15], we define the Lagrangian
as

E:J+/E(V2U+k2U) dQ+/ u, (U+U") ds+/ Uy (%—U—z’kU—<p> ds
Q Ty Too r

+/u(V2U+kz2U) dQ+/ U (U+UI> ds+/ U (a—U—kikU—@) ds, (8)
Q T 87“

s



Shape Hessian Analysis for Inverse Acoustic Scattering 6

where the overline, when acting on forward and adjoint states (and their variations),
denotes complex conjugate.

Taking the first variation of the Lagrangian with respect to u, u, u,. in the directions
U, Ug, U, and arguing that the variations u, us, 4, are arbitrary yield the forward equations
(3a)— (3c).

Now taking the first variation of the Lagrangian with respect to U and arguing that
its variation U is arbitrary yield the following adjoint equations:

Viu+ku=-KU-U") in €, (9a)
u=>0 on Iy, (9b)

: ou .
rlggo N (E + Zk:u) = 0. (9c)

The other adjoints variables are found to be

o
~ On

Usg only, and wu,=-u onl,

and they are eliminated so that the Lagrangian now becomes

£:J+/E(V2U+k;2U)+V- [(U+U") va] dO
Q

_(oU | n ou
—/qu<§—ku—gp> ds—/roo(U—l—U)Eds

+/Qu(v2U+ KT + V- [(U+U’) Vu} dQ

ou — ———0Ju
— — + kU —p ) ds — U+ UH—ds. 10
Now the shape derivative of the Lagrangian (10) can be obtained using formula (7a),
ie.,
2
Dj(r;f)z—/ [v (U +U") -va+v<U+UI) -vu] 7 do, (11)
0
where the boundary conditions for both forward and adjoint states on the scatterer’s
surface have been used to lead to (11).
For the sake of convenience in deriving the shape Hessian, the state and adjoint

equations are best expressed in the weak form. As a direct consequence of the above
variational calculus steps, the weak form of the forward problem reads

S(r,U):/QE(v2U+k2U)+V- [(U+U") Vi) dQ

—(oU . N .
—/wu<§—ku—g0)ds—/oo(U—i—U)EdS—O, v, (12)
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and similarly for the adjoint problem we have

U [V2u+ K+ K (U =U")] + V- (uv0) do

T (r,U,u) :/Q

=~ (ou oU -
_/OOU<E+zku) ds—/quds_o, v (13)

Next, the shape Hessian is obtained by simply computing the first variation of the
shape gradient D7 (r;7) using the shape derivative formula (7b), i.e.,

R /OQ,T o[V (U+ut). W@ : v(T+T")- vl o

2m
—/ V(U +U) Va+V(T+T') - ul i do
o L

2T —
—/ VU (7) - Va + VU (7) - vu} v d
oL

-/ TNy v + V(T4 T va@) a4

As mentioned at the beginning of this section, the reduced space approach is employed,
and hence the variations in state U and adjoint @ can not be arbitrary. Instead, by
forcing the first variations of S (r,U) and 7T (r, U, e) to vanish, U is the solution of the
so-called incremental forward equation:

— I
/§<V2U+k2ﬁ) dQ+/ Oi |, UL,
9 r, 0

d
n de, s

e i
—/qu(a—kU> ds =0, Vu, (15)

and @ is the solution of the incremental adjoint equation:

/E(V2a+k2a+z{0) dQ+/ ou {a+ Ou } ds
Q

7
r, On Oe,.

—/ U <% +ika) ds =0, YU. (16)
oo (97"

The corresponding strong form of the incremental forward equation reads

VU + kU =0 in 0, (17a)

S on Ty, (17b)

U
lim /7 (8—[] - isz]) = 0. (17¢)
T
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Similarly, the incremental adjoint equation in the strong form is

Vi + kK= —KU in Q, (18a)
i = gsf on T, (18h)
lim /7 (— + zku) (18c¢)

Unlike the speed method [16], the Banach space setting always guarantees the
symmetry of the shape Hessian due to the standard result on symmetry of mixed
derivatives in differential calculus [17, 14]. The symmetry of the shape Hessian in (14)
is hidden in the last two terms. Our next step is to rewrite them into a form where
the symmetry is apparent. In order to do this, we choose 7 = 7 and @ = @(7) in the
incremental forward equation (15). For the incremental adjoint equation (16), we take
U=0U (7). Then, subtracting the forward equation from the adjoint equation, after
some simple integration by parts, gives

e, om 7 . on a

/8(U+Uf)aﬁ(f) o0 (7 U ds + KU do. (19)

Moreover, on I'y, we have the following trivial identities,

U+U' =0 S v+t =22,
U =0 = Vu = g—zn,
o -1 _ . o(Uu+uT) _ _o(u+ut) .,
r V(02 e, a2
= Ju — _ Ou r

8eT on /7"2—‘1-'!'(1)2 '

Thus, (19) becomes

2 a U UI T~ ~ 27
—/ U+ )8“(7”%(19:—/ o7 KU Q. (20)
0 9 o On

on n

Finally, combining equations (20) and (14) gives the symmetric form of the shape
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Hessian

D2 (r;#7,7) = /Q K [U(f)ﬁ(f)+U(f)U(f): 9

Hl(:“rff)
_/2” 5’U()8u+3U()8u
0 Oon On On On

~~

Ho (ry7,7)

_/2” aU( ) du +8U( )au
o | on on on On

N — J/
-

Ha (737, 7)

r7df

r7 do

- — =T
_/27r a(U+UI)@+3(U+U)@ -
0 On on on on|'"

J

Ha(rif )
x|V (U+U") - Va+V (T+T") - Vul
- /0 e,

H4(T;TA‘,7Z)

rrrde . (21)

J

5. Regularity of the forward and adjoint solutions

In this section we are going to justify what we have done in Section 4 by studying the

well-posedness of the forward and adjoint equations, and the regularity of their solutions.

We will assume that the scatterer’s surface I'y is sufficiently smooth so that the forward

and adjoint solutions can be shown to be classical using an integral equation method.
First we introduce the standard surface potentials [11, 18],

S0 =2 | Bxy)ely) ds(y), xel,  (22a)
Dol =2 [ M oty isty), xeT,  (22h)
Dot =2 [ I oty isiy), el ()
Tox) = 20— [ 220Y) gy, xel,  (224)

where @ is the zero order Hankel function of the first kind for the (incremental) forward
equation(s), namely,

1

and the zero order Hankel function of the second kind for the (incremental) adjoint
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solution(s), i.e.,

7 ) —
P(x,y) = _ZHS (x—-y) = _ZH(% (x—y).

Our analysis needs the following useful result due to Kirsch [19, 20].
Lemma. 2 Let m € NU {0} and a € (0,1]. Then
i) Let Ty € C™TL ifm > 1, and Ty € C? if m = 0, then:
e S and D map C™*(T,) continuously into C"™1(T,).
o T maps C™H(T,) continuously into C"™(T).
i) Let Ty € O™ then D* maps C™*(T') continuously into C™1(T).
Proof. See Kirsch [20] for the proof. O
Note that C"™*(T), provided I'y € C"™, denotes the space of m-times differentiable
functions whose mth derivative is Holder continuous with exponent o on I'y. If 'y is
parametrized as in (4), where r € C"™%([0, 27]), we define C"*(T'y) as the space of all

functions ¢ such that ¢ (r) € C"™*(]0,27]). The following corollary follows immediately
from the preceding Lemma.

Corollary 1 Let m € NU {0} and a € (0,1]. Suppose Ty € C™ 1 if m > 1, and
s €C?ifm=0, then S and D are compact in both C™*(T'y) and C™1(T).

Proof. The proof is trivial by the following two facts:
i) For I’y € C%! and i < j, the embedding from C?* into C** is compact [21].

ii) For continuous linear operators L : X — Y and M : Y — Z, the operator ML is
compact if either L or M is compact [22].

Now it is obvious that S is compact in C™(T';) since it maps C"(I's) continuously into
C™TL(T,) and the continuous embedding from C™+2(T,) into C™%(T,) is compact.
The proofs for other cases are similar. O

A standard approach for solving the (incremental) forward equation(s) using
integral equation methods is to look for solution as the combination of the single and
double potentials

v(x) = Dp(x) — iSp(x), x€R>\T, (23)

where
Sex) = [ @(xy)ely)dsty), x€ BT, (24)
Do) = [ UM oty dsy), xeR\LL (25)

The following extension properties of S and D determine the regularity of the
forward and adjoint solutions.

Lemma. 3 Assume m € NU {0} and o € (0,1]. Let Iy € C™1 if m > 1, and
I, eC?ifm=0. Then
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i) S maps C™*(T,) continuously into C™ 1 (R \ Q).
i) D maps C™ (T, continuously into C™ 5 (R?\ Q).
Proof. We proceed by induction. The proof for m = 0 is done in [18] (Theorems
2.17 and 2.23). Now assume that the assertions are true for m — 1 and we need to

show that they hold for m as well. We begin by the following important identities:
Vo € R?\ ky,

Ve = [ Taxye)astn =5 |20 S Dm. e0)

and
VDo) = [ VIS oty dsly) =17 (on) + 9.8 (Ve ). (o)
where we have defined the tangent vector 7 = Z—?; and Vyep = (%‘%, —%%). We

now give the proof for (26) and leave (27) for the readers as an exercise. Using
Vx®(x,y) = —V,@(x,y), we have

Vidp= - [ [Ty r@lem)re) i) - [ Yo @n() sty
’ 28 (x.y) b

A simple integration by parts yields

0P (X’Y)QO (y) - (y) ds(y) _ _/ d (X,y) M ds(y)7

r, 0s(y) , 95 (y)

and this completes the proof of (26). Equation (26) shows that V,Sp(x) maps C™(T',)
continuously into C™ (R?\ Q,) by the induction hypothesis for m — 1. This implies
that S¢(x) maps C™(T'y) continuously into C”1 (R?\ €,). The argument for the
second assertion follows similarly. O

The ansatz (23) automatically satisfies the Helmholtz equation and the radiation
condition, and hence v is analytic in R? \ T',. What remains is to determine ¢ that
satisfies the boundary condition on the scatterer surface. Thus, the boundary condition
determines the space for ¢, which in turn suggests the correct space for the solution
v by Lemma 3. Now, by letting x approach a point on I'y, provided that ¢ € C(Ty),
and using the standard limiting values on the boundary I'y for the single and double
potentials [18, 11], the trace of the solution on I'y can be written as

20(x) = (¢ + Dp —iSy) (x), xe€Tk. (28)
The regularity of the forward and incremental forward solutions is now presented.

Theorem 1 Assume m € NU {0} and o € (0,1]. Let Ty € C™ 4f m > 1, and
Iy, €C?ifm=0. There hold:
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i) The forward equation (3) is well-posed, in particular, U € C™ 1 (R?\ ), and
the trace Ulp, € C™1*(T'y). Both U and Ul depend continuously on U’
the C™ L% porm.

i) The incremental forward equation (17) is well-posed, in particular, U €

‘Fs m

C™e (R?\ Q,), and the trace Ulp, € C™*(T,). Both U and U|  depend
continuously on B(UHJI)f in the C™%-norm.
Ts
Proof.
i) Equations (28) and (3b) allow us to write
(¢ + Do —iSp) (x) = —2U'|r, (x), x€T,. (29)

Now, Ullp, € C™1¥(T,) because the restriction of an analytic function on a
curve is as smooth as the curve is. By the compactness of S and D in C™*1«
from Corollary 1 and the injectivity of I + D — S from [11], the Riesz-Fredholm
theory [18] tells us that (29) is well-posed in the sense of Hadamard [23], namely,
[+ D —iS:C™he(D,) — C™ (T, is bijective and its inverse (I + D —iS) ™"

CmtLe(Ty) — C™TL(Ty) is bounded. As a result, ¢ € C™12(T), and hence
U € O™t (R?\ Q) by Lemma 3. Moreover, Ulp, € C™*(T,) depends
continuously on —U?|p, in the C™ 1% norm. It follows that U depends continuously

on —U'|r, as well.

ii) The proof, which is completely analogous to item i), is clear from the incremental
forward boundary condition (17b) and from the result of item i).

For the adjoint equations, we first state their representation formulas.

Proposition 1 The solution(s) of the (incremental) adjoint equation(s) can be
represented as

v(x) = / {mww—@(x,y) PO sy)

In(y) On(y)
/K d(x,y)dQ, xecR? (30)
where
- ) K(y) [U(y) —U*"(y)] for adjoint equation (9)
K(y) = { K(y)U(y) for incremental adjoint equation (18) (31)

Proof. 1t is easy by following the proof of the representation theorem for the forward
equation [11] and noting that the appearance of the last term is due to the inhomogeneity
of the (incremental) adjoint equation(s). O
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Proposition 1 suggests that one should look for (incremental) adjoint solution(s) of
the form

B 0P(x,y)
R AR o A

/K d(x,y)d), xeR. (32)

We are now in the position to address the regularity of the adjoint solutions.

Theorem 2 Assume m € NU {0} and o € (0,1]. Let Ty € C™™ 4f m > 1, and
Iy € C? if m = 0. Then, there hold:
i) The adjoint equation (9) is well-posed, in particular, u € C™TH (R?\ (ks UTY)),
and the trace ulp, € C™H(Ty).
ii) The incremental adjoint equation (18) is well-posed, in particular, @ €
Cme (R?\ (ks UTy)), and in particular, the trace alp, € C™*(Ty).
Proof. Denote
/K d(x,y)dS), x€R? (33)

then g satisfies the Helmholtz equation, and hence analytic, in R? \ T',. It follows that

the restriction of g on Ty, namely g|r,, belongs to C™+1(T,).

i) On the scatterer’s surface, again by the standard limiting values of single and double
potentials on the boundary I'y, we have

¢+ Do —iSyp = 2g|r,. (34)

As in the proof of Theorem 1, we conclude that w € C™THe(R?\ Q,) and
ulr, € C’m+1"‘(Fs).

ii) The result is clear from the incremental adjoint boundary condition (18b) and from

the result of item i).

Let us now justify the findings in Section 4 in the following theorem.

Theorem 3 Let m € NU{0} and « € (0,1]. Suppose T's € C™ 1 ifm > 1, and Ty €
C? if m = 0. Then the cost functional (2) is twice Gateaur differentiable. Furthermore,
if m > 1, then the cost functional is twice continuously Fréchet differentiable. The shape
gradient and shape Hessian are well defined and given in (11) and (21), respectively.

Proof. 1t is sufficient to consider two cases: m = 0 and m = 1. By Theorems 1 and
2, if m =0, one has,
UeC" (R*\Q,), uwelC" (R*\ (Q,UlY)),
UeC™(R*\Q,), ueC™ (R*\ (Q,Uly),
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where we have taken o = 1. This means all derivatives in the shape gradient (11) and
shape Hessian (21) exist almost everywhere, and hence are well defined. Furthermore,
if m = 1, and hence I'y € C*%, Theorems 1 and 2 additionally imply that they are
continuous with respect to r. A similar argument as in the proof of Lemma 1 shows
that the cost is twice continuously Fréchet differentiable. O

6. Shape Hessian analysis in Holder spaces

In this section we use regularity results developed in Section 5 to study the shape
Hessian. For concreteness, we restricted ourselves to two exemplary cases of the
observation operator, namely, the observation is everywhere on a closed curved I,
surrounding the obstacle (we call this case as continuous observation) and pointwise
observation 'y = {x?bs};\js Unless otherwise stated, we assume I'; € C™1 m > 1.
We begin by studying the first component of the shape Hessian, i.e., H;(r), which can
be shown to be the Gauss-Newton part of the full Hessian.

If I'y € O™, n € NU{0}, the proof of Theorem 1 implies that the trace of
the incremental forward solution on I', can be identified with the following operator
composition:

Ulp, : C™4(T,) 3 7+ U(F) = (D° —iS°) (I + D —iS) ™" Myi € C™(T),

where J———
M, : O™y 3 dr v Mydr = —%dr e C™(Ty),
and
5elx) =2 [ @xy)ely) ds(y) xel),
s
00(x,y)
D°p(x)=2 | ————= ds(y), x €I,
p(x) /F on(y) e(y) ds(y) b

Unlike S and D, S° and D° have non-singular kernels. In fact, they are analytic in both
x and y owingtox € I, y € I';, and I'y NI’y = (. As an immediate consequence,
all the properties of S and D apply to S° and D° as well. In particular, the following
stronger result holds.

Lemma. 4 Let I', € C™4 and T, € C™®, then S° and D° are linear, bounded, and
compact maps from C™TH(Ty) to C™*(Ty) for allm € NU {0} and a € (0, 1].

Proof. We rewrite S° and D° as

Sp(x) = 2 /0 " (r (9) r (9)) SO r(0)2 + [rV(0)]% do, 0 € [0, 2n]

2 P (r (9) r (9))

D°p(x) = 2/0 n(0)

SONrO)2 + [PO@)2d0, 0 e [0,27],
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where x = #(0)e; with #(f) € C™*[0,2x], and y = r(0)e, with r (§) € C™ 1[0, 2x].
Now it can be observed that differentiation in 6 can be interchanged with integration
in # due to the non-singularity and analyticity of the kernels. Moreover, since
¢ (-, r(0)) € C™0,27], we have

15%@llgna < AP, x ()] cne

W<9>2+[r<l><e>]QH ol vn.

o0
A similar result holds for D°, and this ends the proof for the first assertion. The second
assertion is simply a direct consequence of the first assertion and the proof of Corollary
1.0

Now, it is easy to see that M is continuous due to Lemma 5 (to be stated and
proved momentarily), and this implies the compactness of U |p, owing to the continuity of
(I + D —4S)~" and compactness of (D° — i5°). Using the definition of adjoint operator,
Hq(r;7,7) can be written as

=22 (U, 01, (1), 7) |, .

L2(Ts)

Hi(r 7, 7) = 29 (U, (7), Ulr, (7))
(37.7) = 22 (Ul (). Ol 7) ,
where % denotes the real operator which returns the real part of its argument, and
(-)* denotes the adjoint operator. Now the compactness of Ulr, and Ul;, implies the
compactness of Hy(r).

We have proved the compactness of H;(r) for continuous observation. An

immediate question needs to be addressed is whether the same conclusion holds true for

obs

pointwise observation as well. The incremental forward solution evaluated at x3** reads

U (7,x5") = / 2

D (x,y)

ony) 12O y)ey) | L+ D — i)™ Mt ds(y)

Vi Y

4

D;(y)

= | M;[(I+D—iS)™"]" ®;,7

J/

-~

N L2(Ts)
Therefore H,(r; 7, 7) becomes

Nobs

Ha(r)[F, 7] = 2% Z 0 (7, x2%) U (7, %)

=27 | | Y NONO;, i T , (35)
L2(Ts) L2(Ty)

where N is the complex conjugate of NV, i.e., No = N@. Equation (35) shows that the
dimension of the range of H;(r) is at most N°**. The compactness of H;(r) then follows
immediately. Thus, we have proved the following result on the compactness of H; (r)
for both continuous and pointwise observations.
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Theorem 4 The Gauss-Newton component of the Hessian operator, Hi(r), as a
continuous bilinear form on C™H(T,) x C™+12(T,), is a compact operator.

In order to study the second component of the shape Hessian, i.e., Hy(r), we
identify the normal derivative of the incremental forward solution with the following
operator composition:

8(7 m,o m—1,«
% :C (PS) — C (Fs),
FS
My — % = (il —iD*+T)(I+ D —iS)"" My

for My € C™(I'5). This is known as the Dirichlet-to-Neumann (DtN) map [11].

Proposition 2 The DtN map is one-to-one and onto from C™*(T,) to C™ L(Ty),
and its inverse is continuous.

Proof. The proof that DtN map is bijective with bounded inverse from CY%(T)
to C%%(T,) is given in [11]. The extension of the proof to the case of mapping from
C™(Ty) to C™~1(T,) is straightforward with the help of Corollary 1, Lemma 3, and
hence we omit the details here. O

We next prove the following simple lemma.

Lemma. 5 Let u,v € C™%([0,27]) and m € NU {0}, there hold
i) v € Cme((0,24)) and g < e [0]gme
i) If ming oq [u| > € > 0, then = € C™*([0, 27])
Proof.
i) It is easy to see that if u,v € C%*([0, 27]) then

[uvll o < llullgo [0l o

which in turn implies uv € C%*([0,27]) [24]. Now u,v € C™([0,2n]) implies
ul) v e C%([0,27]),¥j < m. The proof is now complete by observing that
(uv)®) with k < m, only involve products of the type u/v® with i < k,j < k, and
that the product ||u||gm.a [|V]]om.« has more terms than ||uv|] m.a.

ii) Let w = 1/u then | < |w| < L where 1/l = max o |u| and 1/L = minygon |u|. It
is trivial to show that w € C%*([0,27]). Now observe that w® for k < m, only
involve products of three terms w, v, and u® for j < k, i < k, and this ends the

proof.
O
It is convenient to denote
o(U+U") ou
S S m,o Fs 7 — m,o Fs ]
G Je. € C™Ty), Q=45 €C™(Ty)

If either (; or (s is zero almost everywhere, then Hs(r) = 0, and hence it will not
contribute to the full Hessian. On the other hand, if this does not happen, then the
following result on #Hs(r) holds.
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Theorem 5 Assume minrp, [(1] > ¢ > 0,minlg || > e > 0, then Ha(r), as a
continuous bilinear form on C™(I'y) x C™*(L'y), is not compact.

Proof. The bilinearity and continuity are trivial by the definition of Hs (r) in (21)
and the property of the DtN map in Proposition 2. Now, due to the assumptions on (;
and (o, it is obvious to see that both

M, : C™%(Ty) > dr — Mydr = ( dr € C™(Ty), (36)
and
My : C™ (1) 2 dr — Maydr = (ordr € C™(Ty), (37)

are bijective and have bounded inverses due to Lemma 5. On the other hand, the
operator Hsy(r) acting on 7 and 7 can be written as
oU oU
Ho (r;7,7) = 2% (M*—n (Mor) + My—— (My7) ,f) : (38)

on
L2(Ts)

As can be observed, both terms in the first argument of the L?—inner product in (38) are
a composition of three bijective operators with bounded inverses, and they are adjoint
of each other. As a result, H(r) is bijective with bounded inverse, and hence is not a
compact operator. O
In order to study Hs(r) and H4(r), it is convenient to denote
o(U+U") ou 0V (U+U") Va]

= —-— m,o F —
(3 e C"™(Iy), G de,

on  on re o),

where we have used Lemma 5 to conclude that (3 € C™%(T,) and ¢4 € C™ 1*(Ty). If
(3 and (4 are zero almost everywhere on I'y, then H3(r) = 0 and Hy(r) = 0, and hence
they have no contributions in the full Hessian. On the other hand, if H3 and H,4 are not
trivial, then their mapping properties are given in the following theorem.

Theorem 6 Hj3(r) and Hy(r), as continuous bilinear forms on C(I's) x C(I's), are not
Ca| > €4 > 0, then Hs(r) and
Ha(r) are not compact in C™*(Ty) and C™1*(T,), respectively.

compact. If, in addition, minr, |(3] > €3 > 0 and minr,

Proof. The fact that Hs(r) and H4(r) are bilinear and continuous is trivial. On the
other hand, their action on 7,7 can be written as

o OWU+U")ou . _
Hg (’f’, r, ’I“) = 2% (8—na—nr, T) y (39)
L2(Ts)

I\ v
Ha (r; 7, 7) = 27 (a v (U+U)-va rf,f) . (40)
12ry)

Oe,



Shape Hessian Analysis for Inverse Acoustic Scattering 18

The first arguments of the L*inner products in (39) and (40) are multiplication
operators on C(I'y), and hence H3 and H, are not compact due to a result in [25].

(3] > €5 > 0 and minr, (4] > € > 0, Lemma 5 tells us
that Hs(r) and H4(r) are invertible multiplication operators with bounded inverse in

Moreover, if minp,

C™*(T,) and C™ 1(T,), respectively. Consequently, they are not compact. O

remark 1 Ifm =0, and hence 'y € C?, results for Hy (r) and Hs (r) still hold, but not
for Ha (1) and Hy (r). It is not clear to us whether the DtN map is still continuously
invertible in this case. Newvertheless, if o = 1, Hy(r) is a multiplication operator in
LP(0,27),1 < p < oo, and hence not compact in LP (0,27) [26].

7. Shape Hessian analysis in Sobolev spaces

The (non-)compactness of the shape Hessian components in Section 6 has been carried
out in Holder spaces. This is natural due to our regularity study in Section 5. In this
section, we briefly show that it is possible to extend most of the results to a Sobolev
space setting. To the end of this section we conventionally use C*! for m = {0,1} in
the expression C™ 11,
We first recall some important mapping properties of surface potentials in Sobolev
spaces [19].
Lemma. 6 Let s € R, s > —1/2, and m be the smallest integer greater or equal |s|.
i) Let I's € C™+H1. Then
e S and D map H*(Ty) continuously into H**(T,)
o T maps H*Y(T,) continuously into H*(T,)
i) Let Ty € C™>1 then D* maps H*(T's) continuously into H*'(T,).
The following compactness result, analogous to Corollary 1, is a direct consequence of

Lemma 6 and Rellich theorem on compact embeddings of Sobolev spaces [24, 27].

Corollary 2 Let s € R;s > —1/2, and m be the smallest integer greater or equal |s|,
and Ty € C™TYY Then, S and D are compact in both H*(T) and H ' (T).

Thus, the Riesz-Fredholm theory still holds to deduce that (I + D — i) is bijective
with continuous inverse in both H*(T',) and H**!(T,), since (I + D —4S) is injective in
L2(,) 9]

A result similar to Lemma 4 reads as follows.

Lemma. 7 Let s,t € R, s > —1/2, m be the smallest integer greater or equal |s|, and
n be the smallest integer greater or equal |t|. Suppose Ty, € C™' and Ty € C™ 11, Then

S° and D° are linear, bounded, and compact maps from H*([0,27]) to H*([0,27]) for all
s,teR, s> —1/2.

Proof. We present a proof for S° using the Sobolev space theory for periodic
functions developed in Kress [24], and the proof for D° follows similarly. Denote

b (8.0) = @ (5(8) .00)) /r2(0) + OO
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then, we immediately have ® (6, 6) € C™! [0, 27] x C™1 [0, 27]. As a result, (6, 0) admits
a Fourier series, i.e., )
®(0,0) = Z Z cj,keijeeike,
ko J

and its Fourier coefficients decays faster than n-order polynomials in j and than m-order
polynomials in k, i.e.,

ZjQ" \cj,k|2 < 00,, Z k" |cj,k]2 < o0. (41)
gk Jk

Let us denote dy = 5- fo% o(A)e* df, then we have

S°p =dn Z (Z cj,kdk) el
j k
T;

Next using Cauchy-Schwarz inequality and (41), the linearity and boundedness of S°
are readily available such as

° 2\ (1+j2)t|cl7k|2 s’
Il = 03 ()i < (50 O ) (o)
j 3k k .

R ol

where —1 < s’ < —1/2. The second assertion follows immediately since the embedding
from H*[0,27] to H* [0,27] is compact [24, 27]. O

We next need the mapping properties of the potentials S and D to investigate the
DtN map. A result due to Kirsch [19], analogous to Lemma 3, states,

Lemma. 8 Let s € R, s > —1/2, and m be the smallest integer greater or equal |s|.

i) If Ty € C™ then S can be extended to bounded linear operator from H* (T'y)
into H™/? (Q).

i) If Ty € C™1, then D can be extended to bounded linear operator from H* (T's) into
Hs+1/2 (ﬁ)

loc

Here comes an extension of the DtN map in Proposition 2 from Hoélder spaces to
Sobolev spaces.

Proposition 3 Let s € R, s > —1/2, m be the smallest integer greater or equal |s|, and
[, € C™UL Then, the DIN map is bijective with continuous inverse from H® (T'y) to
Hs1(T,).

Proof. Using Corollary 2 and Lemma 8 instead of Corollary 1 and Lemma 3, the
proof follows the same line as the proof of Proposition 2. O

We are now in the position to discuss our main results on the (non-)compactness
of each component of the full shape Hessian.
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Theorem 7 s € R,s > —1/2, m be the smallest integer greater or equal |s|, and
I, e Cmrhl,

i) Hi(r) is compact in H® (I'y).

i) Assume minr, [¢1| > ¢ > 0,minT |G| > e > 0, then Hi(r) is bijective with
continuous inverse in H*® (I';).

iii) Assume minr, (3| > €5 > 0, then Hs(r) is bijective with continuous inverse in
H* (Ts).
iv) Assume minp, |(4] > €4 > 0, then Hi(r) is bijective with continuous inverse in

Hs=1(T,).
Consequently, Ho (1), Hs (r), and Ha (1) are not compact.

Proof. With the above developments, the proofs of these assertions follow exactly
the same line as those of Theorems 4, 5, 6.

i) Theorem 1 and Lemma 5 imply that M; is a continuous map in H*® (I'y). Since
(I + D —1iS) is continuously invertible due to Corollary 2 and (D° —iS°) is
compact due to Lemma 8, the compactness of H; (r) follows for both continuous
and pointwise observations.

Ci| > e > 0 and minTy || > €2 > 0, My and M,
are bijective with continuous inverse in H*® (I'y). Together with the continuous

ii) With the assumptions minr,

invertibility of the DtN map, we conclude that Hs (r) is continuously invertible.

(3| > €5 > 0, Hs(r) is a bijective multiplication
operator with continuous inverse in H* (I'y).

iii) Under the assumption minp,

iv) Under the assumption minp, |(4| > €4 > 0, H4(r) is a bijective multiplication
operator with continuous inverse in H*~! (T).

8. Eigenvalues of the shape Hessian

We have showed that the Gauss-Newton component of the shape Hessian, namely,
Hi (r), is compact while others are not. This implies the ill-posedness of the inverse
problem (2)—(3c), which is now explained in more detail. Suppose we are solving the
inverse problem (2)—(3c) iteratively using a Newton method. As the iterated shape r
is sufficiently close to the optimal shape, all Hessian components are negligible except
Hy (r). That is, one has to invert #; (r) in order to obtain the Newton steps. Due to
the compactness of H; (r), solving for the Newton steps is an example of solving linear
equations of the first kind, which is ill-posed (e.g. [11]). The degree of ill-posedness
is reflected by the decay of the eigenvalues of H; (r). If the eigenvalues decay slowly
to zero, the problem is called mildly ill-posed. If the decay is, however, very rapidly,
the problem is severely ill-posed [11]. This begs for a study on the decay rate of the
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eigenvalues of H; (r). We begin by rewriting #; () in terms of operator composition as

298 (MK [(D° = i8°) (I + D —i8)']" (D = i°) (I + D — i)™ My, f)m) ’

for continuous observation, and as

Hq(r;7,7) = (43)
Nobs

272 | [ Y My [(I+D—i8)™'] &My [(I+D—iS)""] &7 7 :
J=1 L2(Ts) L2(Ts)

for pointwise observation. We now have the following asymptotic result on the decay
rate for both continuous and pointwise observations.

Theorem 8 Assume m € NU {0} and o € (0,1]. Let Ty € C™ 4f m > 1, and
[y € C? if m=0. Then, the nth eigenvalues of Hy (1) asymptotically decay as

1
A =0 (W) :

Proof. The fact that #H, (r) is Hermitian and semi-positive definite is clear from
(21). In fact, it is positive definite for the continuous observation due to the unique
continuation of solutions of the Helmholtz equation. By the analyticity of ® (x,y),
M, € C™*(Ty), and vr2+r?2 € C™*(I), Equations (42) and (43) show that
Hq (r) € C™ ([0, 27] x [0,27]). Using the main theorem in [28] completes the proof. O

remark 2 [t is important to emphasize that the result in Theorem 8 is asymptotic, and
hence is only valid for sufficiently large n. The decay rate can be improved further if the
shape space and My are analytic. In that case, invoking a result in [29] one can conclude
that the decay rate is in fact exponential.

9. An analytical example

In this section we present an analytical example in which eigenvalues can be expressed
in terms of Bessel functions and eigenfunctions can be shown to be Fourier modes. Most
of the results are elementary but the proofs are long and tedious, so most of the details
are omitted to keep the length of the paper reasonable.

ikx

We first recall that the plane wave e** in positive x-direction can be represented

as the superposition of an infinite number of cylindrical waves [30], i.e.,

o0

et = Z i I (kr)e™N?.

N=—00

Next, we assume that the incident wave is one of such cylindrical waves, namely,

Uic = Jy(kr)e™?, (44)
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which is an analytic function in R%2. We further assume that the synthetic observation
data U, as the scattered field obtained from a circular scatterer of radius r = ¢, are
observed everywhere on a circle of radius » = b. Now, we would like to investigate the
shape Hessian evaluated at a circular scatterer of radius r = a < b.

For incident plane wave, analytical solution for circular scatterers is standard
[30], and one can adapt the derivation easily to obtain analytical solution for incident
cylindrical waves given by (44). In particular, the solution of the forward equation reads

JN(IW) 1 iNG
- H i
H (ka) n(kr)et™,

from which the synthetic observation data follows, namely,

JN(]CC) ;
Uobs - _ Hl kr ezNO.
H3, (ke) wikr)

The total field is now readily available as

JN(/{J(Z)
H} (ka)

In(kr)

U+U*= {JN(/W’) — H}(kr)| e™?,

Similarly, the solution of the incremental forward equation can be shown to be

S AL H (k).

n=—oo
where
7

ON(/{Z(I) l
maH (ka)

An(T) = H!(ka) w

2m
/ e WN05(9) dh, and Cy(ka) =
0

By using a Green function approach, one can show that the analytical solution of the
adjoint equation is given by

JN(/{CL)
HZ (ka)

QNET)

u= By [JN(k;r) -

(.

HJQV(I{:T)} eiNG,

where

By = —

Tkb [ In(ka)  JIn(ke)
2 |Hi(ka)  H(ke)
The final step is to substitute these analytical solutions into the shape Hessian (21).

We begin with the Gauss-Newton component H; (a). After some simple manipulations

} Hy (kb)HZ (kb).

we have

Hi(a) = Y Mapan(@)pan(9), (45)

n=—oo
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where
b HL(kb)|?
. et o
2027t [Hy (ka)|” |Hy (ka)|
~J cos(N—=n)o
e (0) = { sin(N—n)@ (47)

As can be seen, the eigenfunctions are Fourier modes. In order to understand the
eigenvalues we need the following asymptotic results for Bessel functions of large orders
[31], i.e., n > 1,

Jn(r) & \/217r—n (%)n (48a)

Ya(r) ~ \/% (i—f)n (48b)

Since the first term on the right side of (46) does not depend on n, it can be omitted
without changing the asymptotic behaviour of the eigenvalues. Asymptotically, the
eigenvalues can now be estimated as

e [

Typically a < b, and (49) implies the exponential decay of Ay ,, with respect to the index

n of the Fourier modes. For this example, it is straightforward to prove the compactness
in L%(0,27) of the Gauss-Newton component H;(a) without using the integral equation
method as in Sections 6 and 7.

Proposition 4 H; (a) given by (45) is a compact operator in L*(0,2m).

Proof. First, the series of eigenvalues converges by the root test. Second, if we form
a series of finite dimensional approximation to H;(a) as

7'llM(9> é) = Z )\l,nQDnN(9>(10nN(é>7 (50)

n=—M

then Hy7(0, 0) is trivially linear and continuous from L2(0, 27) to L2(0, 2r) by Cauchy-
Schwarz inequality and the convergence of the eigenvalue series. That is, Hia (6, é) is
compact. Finally, it can be shown that H;,,(0, é) converges to Hi(a) in the operator
norm as M approaches infinity, again using the convergence of the eigenvalue series.
Hence H;(a) is compact. O

In Figure 1, we plot A, against the index n in the linear-log scale. Straight
lines indicate exponential convergence to zero, in agreement with the estimation (49).
Rigorously, the exponential decay in (49) is valid only for large n and this is confirmed
for the case kb = 5000 in which the asymptotic curve is also plotted. Nevertheless, the
decay is very fast so that with kb = 10, for example, only 9 eigenvalues are sufficient
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to represent the spectrum of H;(a) accurately since the rest of the spectrum are below
machine zero. Figure 1 also shows that as the observation location is further away from
the scatterer, i.e., the observation radius b is larger, the decay is faster, and hence the
number of significant eigenvalues is less. We shall come back to this point in the later
discussion.

Figure 1. Exponential decay of the eigenvalues of Hi(a) for ka = 1. We show the
eigenvalue plots for four different values of observation radius, kb = {2, 10,1000, 5000},
together with the asymptotic curve for kb = 5000.

For Hy(a), simple algebra manipulations show that

Ha(a) = D Xonun(0)pnn(9),

n=-—00
where

ka

o, — H}
)\2,71 = 2_% |:CN(ka,) agN(k?CL) n_l(ka) n+1(ka)
s

or H}(ka)

Ignoring all the terms independent of 7 and using the asymptotic formulas (48a)—(48b)

yield
Yn—l (ka) — Yn+1 (k:a)

Y, (ka)

)\Q,n ~

Now the following estimates

Y,—1(ka) n—1 eka ’
You(ka)  (n+1\""7*[2(n+1)
( “\n eka |’




Shape Hessian Analysis for Inverse Acoustic Scattering 25

imply that Ay, grows with n. As a consequence, Hs is not compact since the growth of
Ao, Violates the necessary condition for a self-adjoint operator to be compact.

For H3(a) and H4(a), it is transparent that they are not compact as follows. Similar
to Hi(a) and Ha(a), they can be written as

H3(a) = Z >‘3,n90n0(6)90n0(é)7 7—[4(@) = Z >‘47n90n0(6)90n0(é)7

where
_ O ( 8y %n
A3, = 27 R 9fn 0gn i = 210 R M
’ or Or ’ or

As X3, and )y, are constants independent of n, they violate the necessary condition
for compactness of Hsz(a) and Hy(a). As a result, Hs(a) and H4(a) are not compact.

The above example is consistent with the theoretical results in Section 6 even
though only elementary analytical means are employed here instead of the sophisticated
integral equation method. We have shown that the shape Hessian is not compact for
non-optimal shapes. However, as a shape approaches an optimal one, the non-compact
parts of the shape Hessian, namely, Ha(7), H3(r), and H4(r), converge to zero. In that
case, the shape Hessian, as a whole, converges to the compact part H(r).

In this example, we have two parameters, namely, the incident wave number £, and
the observation radius b. It is then naturally to ask whether these two parameters can
affect the ill-posedness, that is, whether the problem is less or more ill-posed when these
parameters change is of our interest. For this purpose, we, to the end of this section,
consider only H;(a) and a fixed index n.

9.1. Increase the wave number k

From [31] we have the following asymptotic results as k approaches oo,

Jn(kr) =~ %COS (kr —nm/2 —7/4), (51a)
Y, (kr) ~ % sin (kr — /2 — 7/4) (51b)

The eigenvalues in (46) now asymptotically become

k
)\ln

, ~ E, as k — o0. (52)
v

That is, the eigenvalues tend to be independent of the index n and grows linearly as
k increases. This in turns means that #;(a) tends to be a non-compact operator. In
other words, as k — oo, the problem of finding Newton steps is continuously invertible
in the vicinity of an optimal shape, and hence the ill-posedness due to the compactness
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of the Hessian is circumvented. However, increasing the wave number induces a different
kind of ill-posedness known as non-uniqueness of stationary shapes or multiple minima
phenomenon.

Again, the above result is asymptotic for all n, and we would like to know for
each n when the asymptotic behaviour is attained. Figure 2 shows A;, as a function
of k for n € {10,20,30,40}, k£ € [1,20], a = 1, b = 10, and N = 2. The
independence and increase of the index n as predicted by the asymptotic result (52)
are clearly demonstrated. As can be also seen, eigenvalues with larger indices (smaller
eigenvalues) need larger wave number to bring them to the asymptotic level. The
practical implication here is that while it might be “easier” to identify the scatterer with
larger wave number, low rank approximation to the H;(r) needs more work because the
number of dominant eigenvalues grows as k increases.

Figure 2. Variations of A; , for n = {10, 20, 30,40} as k increases from 1 to 20. Other
parameters are a = 1, b =10 and N = 2.

9.2. Increase the observation radius b

Now let us fix the incident wave number k£ and allow the observation radius b to vary.
The goal is to study the variation of eigenvalues A;, for a fixed index n. Ignoring all
constants independent of b and m and using the asymptotic formulas (51) and (48) yield

2 2 ka\"
M o b | HL(KD)| BN - x\/i ke I (53)
’ m|Hy(ka)]”  w|Hy(ka)l ™\ 2n

which decay much faster than those in equation (49) for a fixed but large n. This fact

can also be seen in Figure 1. We conclude that as the observation radius is larger, the
eigenvalues of the Hessian operator decay faster, and hence the problem of finding the
Newton steps is more ill-posed. In other words, the number of dominant eigenvalues is
less, which is advantageous for low rank approximation of the Gauss-Newton part. It can
also been observed in (53) that the eigenvalues become independent of the observation
radius b, for sufficiently large b.
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In Figure 3, we compute the exact eigenvalues n from equation (53) (ignoring
constants independent of b and n) for n € {2,5,10} as kb varies from 2 to 20 and
ka = 1. The asymptotic value in (53) is confirmed and attained for small b.

Figure 3. Variations of A1, with n € {2,5,10} as kb increases from 2 to 20 and
ka = 1. Also shown is the asymptotic value in (53) for n = 10.

9.3. On the assumption |(1| > €1 > 0, (] > €2 >0

Finally we would like to check whether this assumption is satisfied in the above example.
Simple algebra manipulations show that

G = _1% eiNO’ Co = _QiBN eiNG’
maHy (ka) maH3 (ka)
that is, (s is zero if kc and ka are zeros of the Bessel function of the first kind Jy. But
this cannot happen because both U and U°* would be identically zero in that case.
Recall that the above example is for a cylindrical wave which is a part of the plane
wave. As numerically shown in the following, the assumption is also valid for an incident
plane wave for which (; and (, become

= n:zoo WaHjlv(k:a)e ’ B — maH% (ka) ¢

Figure 4 plots (; and (, versus 6 for the case of k = 1,a = 1,b = 10,¢ = 2. As can be
seen, |G| > € > 0 and || > e > 0.

10. Numerical results

In this section, we numerically compute the eigenvalues of the shape Hessian (21) to
validate our theoretical developments in Sections 6 and 7. We choose the Nystrom
method [11] to discretize the integral equations (29) and (33). Since the normal
derivatives of the single and double potentials are required in the incremental forward
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Figure 4. (; and (, versus 6 for the case of k =1,a =1,b=10,c = 2.

and adjoint equations, we use the Nystrom method of Kress [32] to treat hyper-singular
integrals properly.

We consider two shape spaces. The first shape space is analytic and is given by
Fourier basis functions:

K
Z ay, cos(kB) + by sin(k0). (54)

k=0
The second shape space consisting of C* shapes is constructed as follows. We use B-
spline to fit the above Fourier basis in the least squares sense and enforce periodic
boundary condition, i.e.,

r@0) =rW(21), j=0,1,2,3.

The Fourier basis functions are sampled sufficiently well so that the original and B-spline
ﬁtting results look identical. The difference between the two shape spaces is therefore
on rU (9) for 7 > 1. Note that we choose C® shape space since the Nystrom methods
in [11, 32] require the third derivative.

For continuous observation, we choose to synthesize the data on the circle centered
at the origin with radius b = 10, and take unity incident wave number £ = 1 unless
otherwise stated. For pointwise observation, the data is synthesized at 31 points equally
distributed in the interval y € [—b,b] and at z = —b. For all examples, we use trapezoidal
rule with 240 points equally distributed in [0,27] as numerical quadrature. We are
interested in the following drop and kite shapes. The original drop shape reads

r=—2sin(0/2)+1, y=sin(d), te|0,27].
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However, the actual drop geometry used in our computations is shown in Figure 5(a); a
30-degree rotated version of the original one. Note that we have smoothed out the tip
of the drop so that it is a member of the analytic shape space. The kite shape, on the
other hand, is given by

x = cos(t) + 0.65cos(2t) — 0.65, y = 1.5sin(t), ¢ € [0,27],

whose geometry is shown in Figure 5(b).

(a) Drop shape geometry (b) Kite shape geometry

Figure 5. Shapes of interest: the drop and kite shapes.

In order to show the efficiency the Nystrom method and to verify our
implementation we present a convergence result for the drop shape (a similar
convergence of the kite shape is tabulated in [11], and hence omitted here). In particular,

we are interested in computing the far field pattern:

e

\/;_; / ((y) %+ 1) e o (y) dsly), [ = 1.

U (’A() =

We choose x = (1,0) and show the real together with the imaginary parts of Uy, namely,
X (Uy) and & (Uy,), versus the number of Nystrom quadrature points #Ngq in Table
1. As can be observed, the exponential convergence is clearly exhibited, and the result
suggests that using 240 quadrature points be enough.

Table 1. Convergence of the Nystrom method for the drop geometry.
# Nq Z (Uss) I (Uss)

120 -1.285454916526683 0.307119250858291
240 -1.285454865187779  0.307119279365475
480  -1.285454865187758  0.307119279365487

Our goal is to numerically examine the necessary condition for an operator to be
compact, namely, the convergence to zero of its eigenvalues. If the set of all eigenvalues
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has a positive lower bound (or negative upper bound), then the operator is not compact.
However, even in this case, it is impossible to study all the eigenvalues since they are
countably infinite. We will therefore resort to investigate a small dominant part of the
spectrum, from which we draw conclusions. To the rest of the this section, we “measure”
the degree of ill-posedness by the magnitude of eigenvalues. For example, given two ill-
posed inverse problems, i.e., the Hessian eigenvalues decay to zero, we say one problem
is more ill-posed than another if the eigenvalues of the former are smaller than those of
the latter at the same indices.

Figure 6 shows the eigenvalues of H; (7drop) for both continuous and pointwise
observations using the analytic shape space. The number of shape parameters is chosen
to be 2K — 1 € {11,21,31,41}. As can be seen, the numerical spectrum as a whole
converges rapidly and exhibits dimension-independent property. The spectrum for the
pointwise observation tends to converge faster than that of the continuous one. One can
also draw a similar conclusion for the convergence to zero of the eigenvalues. This is
intuitively consistent since the pointwise case is expected to be more ill-posed, i.e., the
decay rate to zero of the eigenvalues is faster. Moreover, the linear-log scale in Figure 6
shows the exponential decay to zero, agreeing with Remark 2.

(a) Continuous observation (b) Pointwise observation

Figure 6. Eigenvalues of Hi (rdrop) versus the number of shape parameters using
analytic shape space.

Similar to Figure 6, we plot A, (7kite) versus the index n in Figure 7 for both
continuous and pointwise observations using the analytic shape space. Since the kite
shape is non-convex and has small features at the wing tips, the number of shape
parameters is expected to be large for the numerical spectrum to converge. This is
clearly demonstrated in Figure 7 in which we use 2K — 1 € {21,51,101,201} shape
parameters. Compared to Figure 6, five times more shape parameters are used, yet
the numerical spectrum does not seem to converge for continuous observation case,
especially for small eigenvalues. Since the pointwise observation case is more ill-posed,
the convergence is expected to be faster and this is confirmed in Figure 7(b). In either
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cases, the compactness of H; (r) is clear from the exponential collapsing of eigenvalues
to zero on the linear-log scale.

(a) Continuous observation (b) Pointwise observation

Figure 7. Eigenvalues of H; (rkite) versus the number of shape parameters using
analytic shape space.

It is of interest to see how the eigenvalues A;, behave in the less smooth C®
shape space using continuous observation (similar results are observed for the pointwise
observation case, but not presented here). Figure 8 shows that the eigenvalues decay
exponentially to machine zero for both the drop and kite geometries and for all number
of shape parameters under consideration. Note that this does not contradict Theorem
8. Instead it suggests that numerical dominant eigenvalues, captured by the shape space
under consideration, already converge to machine zero before we can see the asymptotic
result predicted by Theorem 8. It can be observed that, for both geometries, the
dominant numerical eigenvalues for C® shape space in Figures 8(a) and 8(b) are almost
identical to those for analytic shape space in Figures 6(a) and 7(a). Since the B-splines
are piecewise polynomial, the result indicates that countable discontinuities in higher
order derivatives of shape basis functions have insignificant impact on the numerical
spectrum.

We next study the variation of A;, when the observation radius b increases. For
convenience, we choose the drop geometry and 41 shape parameters for the analytic
shape space. Figure 9(a) shows that for a fixed index n, the corresponding eigenvalue of
the continuous observation case decreases initially but then stays constant for sufficiently
large b, which is consistent with our analytical result in Section 9. For pointwise
measurement, however, the eigenvalues, shown in Figure 9(b), are observed to decrease
constantly as O (%) This is expected since we loose a factor of b by changing from
continuous to pointwise observation as can be seen in (21).

Analogous to Section 9, we now study the variation of eigenvalues A, when the
incident wave number k increases. Again, we choose the drop shape and 41 shape
parameters for the analytic shape space. Figure 10 shows that, for a fixed index n,
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(a) Drop geometry (b) Kite geometry

Figure 8. Eigenvalues of M1 (rarop) and Hi (Tkite) versus the number of shape
parameters using C? shape space and continuous observation operator.

(a) Continuous observation (b) Pointwise observation

Figure 9. Variation of eigenvalues of H; (Tarop) as the observation radius b increases
using analytic shape space.

the corresponding eigenvalue increases, in agreement with the result and discussion of
Section 9. That is, solving for Newton steps in the proximity of an optimal shape is less
ill-posed as the incident wave number increases.

To the end of this section, we will numerically study the eigenvalues of Hs (r) and
Hs (r) (Hy (r) is similar to Hs (r) and hence omitted). Since the results for continuous
and pointwise observations are similar, only the latter will be presented using the
analytic shape space. We synthesize observation data from the scattering field of a
unit circle centered at the origin, and evaluate the eigenvalues of Hs (r) and Hgz (r)
at both the drop and the kite geometries. Figure 11 plots the numerical spectrum
of Ha (Tarop) and Hs (Tkite) for various number of shape parameters. For all number
of shape parameters under consideration, the plots suggest the smallest eigenvalue of
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(a) Continuous observation (b) Pointwise observation

Figure 10. Variation of eigenvalues of H1 (rarop) @s the incident wave number k
increases using analytic shape space.

0.014 for the drop and 1.7 for the kite. As the number of shape parameters increases,
the numerical spectrum resolves more eigenvalues above the smallest eigenvalues. We
deduce that Hy(r) is not compact, in agreement with our analytical results in Sections
6 and 7. This validation would be rigorous if we could check all the eigenvalues of Ho,
but it is again an impossible task. Hence we have shown only the trend up to 201

eigenvalues.

(a) Drop geometry (b) Kite geometry

Figure 11. Eigenvalues of M2 (rarep) and Ha (riite) versus the number of shape
parameters using analytic shape space.

Figure 12 is similar to Figure 11, but now for Hsz. As can be seen, the numerical
results validate the non-compactness of Hs proved in Sections 6 and 7. Again, up to
201 shape parameters, the trend of having smallest eigenvalues of 0.004 for the drop
and 1.23 for the kite is clear.

It should be pointed out that, unlike the compact Gauss-Newton part, the spectrum
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(a) Drop geometry (b) Kite geometry

Figure 12. Eigenvalues of Hs3 (rarop) and Hs (riite) versus the number of shape
parameters using analytic shape space.

of the non-compact parts of the Hessian do not exhibit dimension-independent property.

11. Conclusions

We have presented a shape Hessian analysis for inverse acoustic shape scattering
problems. In either Holder or Sobolev space settings, the shape Hessian is shown to
be symmetric and consists of four components, the Gauss-Newton part of which is a
compact operator while the others are not. The relationship between the decay rate
of the eigenvalues of the Gauss-Newton part and the smoothness of the shape space is
presented, which shows that the smoother the shape space is, the faster the decay rate.
At the heart of our analysis are the integral equation method, Riesz-Fredholm theory,
and compact embeddings in Holder and Sobolev spaces. Analytical and numerical
examples are shown to be in agreement with our theoretical results. Ongoing research
is to extend our analysis to inverse shape electromagnetic and inverse medium acoustic
scattering problems [33, 34].
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Appendix

In the following, we provide necessary ingredients to extend our theoretical results to
three dimensional scattering problems. To begin, we again identify shapes with their
boundaries, but this time for both two and three dimensions in a unified manner. In
particular we assume that the scatterer Qg ¢ R? for d = 2,3 is a simply connected
domain and starlike with respect to the origin. Thus, its boundary 0l can be
parametrized as

Ng=T;={r=r(0)e,:0 €S},

where
p_ [0 itd=2
] (0,0) ifd=3"
o — [cos 6, sin ] if d=2
") [sinfcost),sinfsine, cosf]” if d=3"
and

s_ ] [0:27] if d =2
] [0,7] x[0,27] ifd=3"

The shape derivatives for the functional Z in (6) can be shown to be

DI(r;7) = —/frfgd@,
S

D%ﬁﬁj%:—é{if+ﬁﬂ—n£}ﬁﬂﬂ&

! ifd =2
97 rsing itd=3"

The following useful identities are employed to derive shape gradient and Hessian:

where

e -n= —2, and ds = gnd@,
n

where
r2 + (r)? ifd=2

n= )\ 2 NOR ;
7”24’(7”9 > +(siﬁ9> ifd=3

where the subscripts ¢ and 1 denote partial derivatives with respect to # and 1,

respectively. The fundamental solution of the Helmholtz equation is now given by

LHi(x—y) ifd=2
(I)(X_Y):{ 41 egk\xfy\ ifd=3"

ir [x—y|
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and the radiation condition can be written as

With all these prerequisites, it is readily to verify that the shape gradient and
Hessian now read, for d = 2, 3,

DJ (r;#) = —/ V(U U Va+V(T+T") - Vu|rigab,
S

D*7J /K

U() + 0R0()] o

J/

'H1(rrr)
oU(#) o OU(F) du |
_/S on on on on rrgdé
'HQ(‘TTﬂf)
ou () om  OU(F) ou | .
_/S on 8_n+ on on ri g0
HZ(\TrfﬂA‘)
—
s on on on on| 'Y
7‘[3(7“?72,77)
oV (U+U) - Va+ vV (T+T") Vil
—/ rrT gdo .
S aer .
7‘[4(7:7'A,7~‘)

One can also verify that all the results from Section 5 to Section 7 hold for three
dimensional setting as well with minor adjustments; hence we omit the detail. Results
on the decay of eigenvalues of the Gauss-Newton part similar to that of Section 8 can
be extracted from [35].
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